Abstract -For the recently introduced µ-deformed analog of Bose gas model (µ-Bose gas model), its thermodynamical aspects e.g. total number of particles and the partition function are certain functions of the parameter µ. This basic µ-dependence of thermodynamics of the µ-Bose gas arises through the so-called µ-calculus, an alternative to the known q-calculus (Jackson derivative, etc.), so we include main elements of µ-calculus. Likewise, virial expansion of EOS and virial coefficients, the internal energy, specific heat and the entropy of µ-Bose gas show µ-dependence. Herein, we study thermodynamical geometry of µ-Bose gas model and find the singular behavior of (scalar) curvature, signaling for Bose-like condensation. The critical temperature of condensation T (µ) c depending on µ is given and compared with the usual Tc, and with known T (p,q) c of p, q-Bose gas model. Using the results on µ-thermodynamics we argue that the condensate of µ-Bose gas, like the earlier proposed infinite statistics system of particles, can serve for effective modeling of dark matter.
Introduction. -The works dealing with deformed Bose gas models are rather numerous, see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . As usual, the deformations are based on respective deformed oscillator models such as q-oscillators [13, 14] and the 2-parameter p, q-deformed (or Fibonacci) oscillators [15] . A plenty of nonstandard one-parameter deformed oscillators (DOs) exist [16] , along with polynomially deformed ones [17] . Among so-called quasi-Fibonacci oscillators [18] we find the µ-deformed oscillator [19] . The DO models often possess unusual properties, e.g. various energy level degeneracies, nontrivial recurrent relations for energy spectra etc. Nontrivial features of DOs motivate their application in diverse fields of quantum physics.
Physical meaning of deformation and its parameter(s) depend on specific application of the model of deformed bosons to a physical system. When the model of ideal gas of deformed bosons is applied to computing the intercepts of the momentum correlation functions [6, 7, 10] , one effectively takes into account the non-zero proper volume of particles [20] , or their internal structure or compositeness [21, 22] . The experimental data on the two-pion correlation-function intercepts shows [23] non-Bose type (a) E-mail: omgavr@bitp.kiev.ua (b) E-mail: nazarenko@bitp.kiev.ua behavior of pions, and the efficiency of using deformed analogs of Bose gas model in that context has been demonstrated [7, 24, 25] . There exists a successful application of q-Bose gas setup to overcome the difficulty with unstable phonon spectrum, confirmed [4] by experimental measurements of phonon lifetime.
In the µ-Bose gas model and other deformed analogs of Bose gas model, quantum statistical interaction gets modified [12, 26] . The deformation may also absorb [9] an interaction present in the initially non-deformed system.
The µ-Bose gas model was proposed in [10, 11] wherein the (intercepts of) correlation functions of 2nd, and higher order were derived. The study of µ-Bose gas thermodynamics started in [27] used the special so-called µ-calculus. That allowed to explore important quantities and aspects.
In this paper, we wish to explore whether µ-Bose gas model is able to model basic features of dark matter, and make some first steps. Among the approaches to model dark matter, those based on the idea of Bose-Einstein condensate (BEC) are very numerous, see e.g. [28] [29] [30] [31] [32] [33] , review [34] and references therein: these possess plausible features of cold dark matter, in some respects show advantages, though also may confront with their own difficulties, say the problem of gravitational collapse [35] .
In view of unknown precise nature of dark matter conp-1 stituents, rather exotic candidates were proposed, e.g. axionic [36] or even stringy ones [37] . In some papers, the authors exploited different models of nonstandard thermostatistics aimed at a modeling of unusual physical objects in quantum cosmology, e.g. in the physics of dark matter [38, 39] or black holes [40] [41] [42] . But, we think it is worth to examine other potentially interesting models of nonstandard thermostatistics as candidates for modeling, at least effectively, main properties of dark matter -in order to choose most appropriate one. About the plan of our paper. In Sec. 2 we give main facts concerning the µ-deformed Bose gas model basing on µ-calculus. Then in Sec. 3 the thermodynamic quantities are explored. The expression for the total number of particles allows to derive the partition function (both quantities carry explicit µ-dependence). In our study we mainly explore the regime of low temperature. In Sec. 4, we use the geometric approach to thermodynamics (see e.g. [43] [44] [45] ) and explore the possibility of Bose like condensation in the µ-Bose gas model. The critical temperature of condensation and its dependence on the (deformation) parameter µ are studied. Other aspects and thermodynamical functions are considered in the next section. Discussion of possible application to dark matter as well as concluding remarks are given in the final section of the paper.
Deformed analogs of Bose gas model. -Like in other works on deformed oscillators, see e.g. [4, 8, 9] we deal in fact with the (system of) deformed bosons. The virtues of such deformation is its ability to provide effective account of interaction between particles, their nonzero volume, their inner (composite) structure etc. Deformed Bose gas model termed µ-Bose gas model associated with µ-deformed oscillators [19] was developed in [10, 11] . Therein, and in this paper, the thermal average of the operator O is determined by the familiar formula
Z being the grand canonical partition function. Its logarithm is
with the fugacity z = e β µ . The familiar formula
for the number of particles will be modified, see below.
To study deformed Bose gas model, namely the µ-Bose gas as the model describing the system of deformed bosons, we use the Hamiltonian ( µ is chemical potential)
Here ε i denotes kinetic energy of particle in the state "i", N i the particle number (occupation number) operator corresponding to state "i". To develop thermodynamics in the µ-deformed model, we need the so-called µ-calculus.
Elements of µ-calculus.
The familiar path of deriving thermodynamical functions and relations implies usage of standard derivative d/dx. Since we wish to develop the µ-analog of the Bose gas model, we extend (deform) the very notion of derivative. The so-called µ-derivative, introduced in [27] , differs from the known Jackson or qderivative [46] and its p, q-extension (used in [12] ). The easiest way to introduce the µ-extension is by the rule
so that the µ-derivative involves the µ-bracket from the work on µ-oscillator [19] . If µ → 0, [n] µ → n, and the µ-extension D 
Clearly, formula (5) stems from this general definition. For kth power of µ-derivative acting on x n we have
where (n; µ)
x in (5) and (6) can as well be defined.
Let us note that for the µ-derivative (6) there exist its q, µ-or (p, q; µ)-deformed extensions: instead of
. The two extensions correspond to the (q; µ)-or (p, q; µ)-deformed quasi-Fibonacci oscillators in [18] .
So, to develop the µ-Bose gas thermodynamics we apply, where necessary, the µ-derivative D (µ) z instead of usual d/dz. Due to µ-derivative, the parameter µ of deformation enters the treatment, and the system becomes µ-deformed. For small µ ≪ 1, the usual and the deformed derivatives of a function have similar behavior, that is easily seen by acting with µ-derivative and usual one on the monomial, logarithmic, exponential function, etc. Such property of µ-derivative justifies, at least partly, its use in developing thermodynamics of µ-Bose gas.
Appearance of µ-bracket [n] µ and µ-factorial [n] µ !, see (5), (7) generates µ-deformed analogs [27] 
. New special functions e.g., µ-analog of polylogarithms, do also appear, see [27] and below.
Acting on product of functions by D (µ)
x (µ-Leibnitz rule). Let the µ-derivative act on the product f (x) · g(x). From definition (10) , taking the monomials f (x) = x n and g(x) = x m we infer
The use of µ-Bose gas model for modeling dark matter Formula for D (µ)
x operating on general product f (x) · g(x) does also exist, but we will not need it in this work.
Thermodynamics of µ-Bose gas model. -Now we study thermodynamics of µ-Bose gas model using the µ-calculus. Consider the gas of non-relativistic particles and focus mainly on the regime of low temperatures.
Total number of particles. The usual relation for total number of Bose gas particles is
For µ-Bose gas thermodynamics, the total number of particles N ≡ N (µ) is defined as
where the µ-derivative D (µ) from (5) is used. For µ ≥ 0, we apply it to the (log of) partition function in (2) to get
(11) We require 0 ≤ |ze −βεi | < 1 in (11). As we deal with non-relativistic particles of mass m, the energy ε i is taken as
with the 3-momentum − → p i of particle in i-th state. At z → 1 the summand in (11) diverges when p i = 0, i = 0. So we assume that the i = 0 ground state admits macroscopically large occupation number. Likewise, even for z = 1 we as well separate the term with p i = 0 from the remaining sum:
The sum symbol i ′ in (13) means that the i = 0 term is dropped from the sum. For large volume V and large N the spectrum of single-particle states is almost continuous so we replace the sum in (11) by integral:
Thus, we isolate the ground state and include the contribution from all other states in the integral. To compute the total number of particles we integrate over 3-momenta in spherical coordinates:
In the integral, the lower limit can still be taken as zero: indeed, the ground state, p 0 , does not contribute to the integral. Integration by parts leads us to the µ-deformed total number of particles:
mkT is the thermal wavelength. This result can be presented through the µ-analog of Bose function:
Here g
0 (z) and g
3/2 (z) are the µ-polylogarithm , i.e. µ-analog of the usual polylogarithm
The limit µ → 0 recovers usual g l (z) function (polylogarithm).
For positive real µ the convergence properties are not spoiled and, like for the standard g-function g l (z), there should be |z| < 1. Note that the restriction z < 1/q does appear for the version of q-Bose gas studied in Ref. [5] .
For the needs of subsequent analysis, let us rewrite the expression in (17) for total number of particles as
Deformed grand partition function.
In µ-Bose gas model, we use the relations between thermodynamical functions similar to those of usual Bose gas thermodynamics, but in our case all the thermodynamical functions including the partition function become µ-dependent.
To obtain deformed partition function ln Z (µ) take
and invert it:
To apply z 
Then, from (21), (22) and (16) we infer
p-3 or, in a more compact form,
Formulas (23)- (25) provide the µ-deformed partition function and play basic role: using (25) we can derive other thermodynamical functions and relations.
Geometric approach to µ-Bose gas model. -Let us study the thermodynamics of µ-Bose gas using thermodynamical geometry in the space with two parameters β, γ, where γ = −βμ andμ is chemical potential. The components of the metric in the Fisher-Rao representation are defined as
(note that G γβ = G βγ ). Using these and eq. (24) we calculate the expressions for metric components and obtain
From (29)- (31) the determinant of the metric results:
Components of inverse metric are given as (β ↔ 1, γ ↔ 2)
Since the metric components are expressed through derivatives of partition function, see (26)- (28) ), the formulas for Christoffel symbols and the Riemann tensor are found as
Calculation of the Christoffel symbols yields
(z) ,
−2 (z) .
As known, in 2-dimensional space the scalar curvature R is determined by one component of Riemann tensor, i.e.
Denoting g
for the component R 1212 we obtain:
Substitution of this in eq. (36) yields our final result:
Curvature in the thermodynamical parameters space is a useful tool to study thermodynamical properties of the system: it becomes singular at the phase transition points. The µ-polylogarithm g
l (z) involved in curvature R is singular at z → 1, for l ≤ 1 in the case µ = 0 and for l ≤ 0 when µ = 0. Thermodynamical curvature R(z) in isothermal process has characteristic properties as a function of fugacity. In the case V /λ 3 ≪ 1 the curvature R(z) has no singularities as seen in Fig. 1 .
In the case V /λ 3 ≫ 1 the dependence looks as shown in Fig. 2 . If V /λ 3 is sufficiently large to neglect the terms which do not contain this factor, the curvature R(z) is singular at z → 1. We conclude that, in the latter situation, the system undergoes phase transition, and hence Bose-like condensation takes place. That is, the µ-Bose gas model satisfies basic necessary property.
p-4
The use of µ-Bose gas model for modeling dark matter Critical temperature of condensation. -In the regime of low temperature and high density one can obtain, like for p, q-Bose gas [12] , the critical temperature T (µ) c of condensation in the considered µ-deformed Bose gas model [27] . We start with eq. (19) and rewrite it as
The critical temperature T (µ) c of µ-Bose gas is determined by the equation
3/2 (1), that gives [27] :
Using the latter we infer the ratio of critical temperature T (µ) c to the critical temperature T c of usual Bose gas [47] :
We see that the ratio T (µ) c /T c , like in the case of p, q-Bose gas model [12] , has an important feature: the greater is the strength of deformation (given by µ) the higher is T we verified the properties of µ-Bose gas model needed for its modeling the dark matter properties. The appearance of Bose-like condensation as main property, is confirmed.
As emphasized in [30] , the dark matter surrounding dwarf galaxies is to be viewed as "strongly coupled, dilute system of particles". In the case of µ-Bose gas, we should stress that the interaction between µ-bosons (of pure quantum statistical origin) is also attractive, and due to deformation can be even stronger than that for pure bosons. To see that compare the two 2nd virial coefficients: µ-dependent one V (µ) 2 [27] , and the standard V (Bose) 2 = 2 −5/2 (drop the sign "minus" for the both):
I.e., due to enhanced attraction (of quantum origin) we may say than the µ-bosons are "more bosonic" than usual bosons. This property is good for providing strongly coupled system of (quasi)particles. We see that at large µ one has g
, where g l (z) is the polylogarithm function. Then, the internal energy per particle would not depend on µ while the total one does, because of scale factor.
However, the unlimited growth of the parameter µ and thus of the strength of attraction, could lead to a collapse of the quantum system under study. To prevent that, we can find some bound on the values of µ. Namely, the requirement to forbid negative pressure can do the job. We take (virial expansion of) the equation of state [27] to second order i.e.
Imposing P = 0 yields the relation for finding critical valuē µ of deformation strength:
and we have the condition µ ≤μ to avoid the collapse. Obviously, κ = 1 yieldsμ = 0. Then µ = 0 and we recover pure Bose case. On the other hand, the bound taken say asμ = 1 with 0 < µ ≤ 1 corresponds to the value κ = 4 3 . There exists a special "characteristic" value of µ for which the deformed entropy (see eq. (41) and Fig. 6 in [27] ) becomes:
We take this special value of µ as the boundμ of our interval, so that 0 < µ <μ ≡ µ 0 = 1.895. At this deformation strength µ 0 ≃ 1.895, we obtain the relation
for usual polylogarithm and µ-polylogarithm. From that, we find that the critical volume-per-particle (divided by cube of thermal wavelength) in the µ-Bose gas is related with similar quantity of the usual Bose gas by the formula:
Then we can estimate the ratio in our model using respective estimates from Bose-condensate case, see e.g. [30] . Using the BEC model of dark matter by Harko, based on the Gross-Pitaevskii equation in the Thomas-Fermi approximation, we deduce the characteristics of dark matter halos modified due to µ-deformed statistics. Introducing the dimensionless factor
where a is the s-wave scattering length which is less than thermal wavelength (a < λ), G is the gravitational constant, we find the total mass of halo and its radius:
3/2 (1) at µ > 0, see also eq. (44), we may expect a better agreement of our predictions with the experimental data (e.g. those discussed in [30] ), because ordinary M BEC ≡ M (0) leads to some overestimation. Note that M (µ) , the result of deformation, remains the temperature dependent function while R in (45) does not. This is related with re-definition of the particle density and the (critical) volume per particle in the case of deformed thermodynamics:
3/2 (1). Concluding remarks. -Main thermodynamic quantities of µ-Bose gas -total mean number of particles N (µ) , the (log of) the µ-deformed partition function etc., involve the µ-generalizations g
k (z) of polylogarithms g k (z). This fact has influence on other results in this paper. The metric tensor, Christoffel symbols and hence the Riemann curvature get expressed through µ-polylogarithms. Positive sign of curvature and its divergence as z → 1 witness the attraction between particles and the evidence of Bose-like condensation. Formula for the µ-dependent critical temperature T is higher than critical T c of usual Bose gas, in contrast with the system of infinite statistics which possesses [38] lower critical temperature than the T c of usual Bose gas. However, such a property seems not to be a drawback, from the viewpoint of possible application of µ-Bose gas as modeling dark matter: in fact, in our case stability of the condensate extends even higher in temperature than usual T c . Also, it can be shown that other facts important for the modeling and confirmed for the case of infinite statistics [38] -e.g. the smallness of particle mass, can be examined for the µ-bosons as well.
In the context of dark matter, the inner structure of its constituents at a given deformation plays a remarkable role in their response to extrinsic perturbation. The parameter µ is determined by specific conditions of the dark matter existence, in each galaxy or a local region of Universe. Moreover, since deformed critical temperature obeys the condition T , and parameter µ can vary. Other remarkable properties of µ-Bose gas model (e.g. the falling behavior of entropy-per-volume versus the µ-parameter, that means decreasing chaoticity with growing deformation strength), can also lead to interesting implications concerning the use for modeling dark matter.
We conclude that, like infinite statistics particles, the µ-Bose gas model has its own virtues and thus can be used to effectively model basic properties of dark matter. In that domain, the model may turn out to be just as successful as (μ, q)-deformed analog of Bose gas model in the effective description, see Fig. 5 in [25] , of the unusual non-Bose like properties of (the intercepts of) two-pion correlations observed in the STAR/RHIC experiments. Obviously, further steps and more detailed study are needed in order to put the proposal on firm ground.
Appendix: Infinite Statistics. -Gas of particles obeying [48, 49] infinite statistics (with parameter p) was proposed in [38] as a model of dark matter. Authors considered thermodynamical geometry of this gas, and showed with their fig. 1 that condensation does occur for such system 1 . Number of particles and internal energy for infinite
